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Inverse problems for the nonlinear modified transport
equation
K.V.Golubnichiy
This article is devoted to inverse problems for nonlinear equations of the modified
transfer, which can be regarded as a manageable problem. Various productions such
problems for normal (unmodified) of the transport equation studied earlier by A.I.
Prilepko and most complete form in the dissertation of his follower N.P. Volkov. If
management is a factor in the coefficient of absorption or scattering indicatrix, even in
the case of conventional linear transfer equation inverse problem becomes nonlinear (in
the thesis N. P. Volkov overcome this difficulty). The paper deals with modification of
the transport equation (for Similar to the way it is done Ozeen for the Navier - Stokes
equations).
Bibliography: 5 titles.
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1 Preliminary details and designations.
Introduce the following functional spaces and key:
Let the domain G ⊂ Rn is strictly convex, and limited closed set
of V is contained in a spherical layer {v ∈ Rn : 0 < v0 6 |v| 6 v1 <
∞}.
L∞
(
D,L2(V )
)
— space classes essentially bounded functions on
D with values in L2(V ), where D = G× V × (0, T ).
The space H2(D) = {u ∈ L2(D) : ut, (v,∇)u ∈ L2(D), u|Γ− ∈
L2(Γ−)} of functions u, summable in a square with their generalized
derivatives ut, (v,∇)u on D and after u|Γ− of L2(Γ−) where Γ− =
γ− × [0, T ] and γ− = {(x, v) ∈ ∂G × V : (v, nx) < 0} and nx —
external normal to the boundary ∂G field of G at x. This space is
a Banach norm on
‖u‖H2(D) = [‖u‖
2
2.D + ‖ut‖
2
2.D + ‖(v,∇)u‖
2
2.D + ‖u|Γ−‖
2
2.Γ−
]1/2,
The space H∞(D) = {u ∈ L∞(D) : ut, (v,∇)u ∈ L∞(D), u|Γ− ∈
L∞(Γ−)} essentially bounded on D functions u with their gener-
alized derivatives ut, (v,∇)u and a trace u|Γ− of L∞(Γ−), where
Γ− = γ− × [0, T ] and γ− = {(x, v) ∈ ∂G × V : (v, nx) < 0} and
nx — external normal to the boundary ∂G field of G at x. This
space is a Banach norm on
1
‖u‖H∞(D) = [‖u‖∞.D + ‖ut‖∞.D + ‖(v,∇)u‖∞.D + ‖u|Γ−‖∞.Γ−],
W t2(D) ={
F (x, v, t) ∈ L2(D) :
∂F
∂t
∈ L2(D)
}
with the norm ‖F‖W t
2
(D) =[
‖F‖2L2(D) + ‖
∂F
∂t
‖2L2(D)
]1/2
,
W t∞(D) =
{
F (x, v, t) ∈ L∞(D) :
∂F
∂t
∈ L∞(D)
}
with the norm
‖F‖W t
∞
(D) =
[
‖F‖L∞(D) + ‖
∂F
∂t
‖L∞(D)
]
,
h2(G × V ) = {ϕ ∈ L2(G × V ) : (v,∇)ϕ ∈ L2(G × V ), ϕ|γ− ∈
L2(γ−)} with the norm
‖ϕ‖h2 = [‖ϕ‖
2
L2(G×V )
+ ‖(v,∇)ϕ‖2L2(G×V ) + ‖ϕ|γ−‖
2
L2(γ−)
]1/2,
CX→Y — smallest constant embedding X in Y , ie, ‖·‖Y 6
CX→Y ‖·‖X . L(X, Y ) — many continuous linear operators from
X in Y .
h∞(G × V ) = {ϕ ∈ L∞(G × V ) : (v,∇)ϕ ∈ L∞(G × V ), ϕ|γ− ∈
L∞(γ−)} with the norm
‖ϕ‖h∞ = [‖ϕ‖L∞(G×V ) + ‖(v,∇)ϕ‖L∞(G×V ) + ‖ϕ|γ−‖L∞(γ−)],
CX→Y — smallest constant embedding X in Y , ie, ‖·‖Y 6
CX→Y ‖·‖X . L(X, Y ) — many continuous linear operators from
X in Y .
2 Production of the inverse problem for the modified non-
linear transfer equation in the case where F (x, v, t) =
f(x, v) g(x, v, t) and management is f(x, v) in H∞(D) ×
L∞(G× V ).
We consider the inverse problem
ut(x, v, t) + (v,∇)u(x, v, t) +
∑
(x, v, t)u0(x, v, t) + [S(u)](x, v, t) =∫
V
J(x, v′, t, v)u(x, v′, t)dv′ + F (x, v, t), where (x, v, t) ∈ D
(2.1)
2
where the nonlinear part
[S(u)](x, v, t) =
T∫
0
∫
G×V
Q(x, v, x′, v′, t)α
(
u(x′, v′, t′)
)
dx′ dv′ dt′ ,
(2.2)
with conditions
u(x, v, t) = 0, (x, v, t) ∈ γ− × [0, T ], (2.3)
u(x, v, 0) = 0, (x, v) ∈ G¯× V (2.4)
u(x, v, T ) = ψ(x, v), (x, v) ∈ G¯× V (2.5)
In order to avoid further accumulation will consider, instead of
around the point u0 neighborhood of zero. Namely, subtracting
from the equation
u t(x, v, t) + (v,▽)u(x, v, t) + Σ(x, v, t) u0(x, v, t) =
=
∫
V
J (x, v, t, v′) u(x, v′, t) dv′ + F (x, v, t),
equation
u˜ t(x, v, t) + (v,▽)u˜(x, v, t) + Σ(x, v, t) u0(x, v, t) =
=
∫
V
J (x, v, t, v′) u˜(x, v′, t) dv′ + F˜ (x, v, t),
get
uˆ t(x, v, t) + (v,▽)uˆ(x, v, t) =
=
∫
V
J (x, v, t, v′) uˆ(x, v′, t) dv′ + Fˆ (x, v, t).
Let the source function is represented as a
F (x, v, t) = f(x, v) g(x, v, t), (2.6)
where u and f — unknown function and g, ψ— apriori defined func-
tion, which can be viewed as a manageable task, namely, translate
the system of u(x, v, 0) = 0 in the final overdetermination condition
3
u(x, v, T ) = ψ(x, v) through management of f(x, v). In our work we
prove that there exists a unique solution (u, f) this problem in the
neighborhood of the point u0 in the corresponding functional space
(all the symbols and terms will be introduced below) for sufficiently
small in the norm ψ(x, v). Here and further ∇ = ∇x.
In our case, [1] describes the process of mass transfer multi
anisotropic modified kinetic equation:
ut(x, v, t) + (v,∇) u(x, v, t) +
∑
(x, v, t) u0(x, v, t) =
=
∫
V
J(x, v, t, v′) u(x, v′, t) dv′ + F (x, v, t),
(x, v, t) ∈ G× V × (0, T ),
(2.7)
in which the function u(x, v, t) describes the density distribution
particles in the phase space G × V at time t ∈ (0, T ), a function∑
(x, v, t), J(x, v, t, v′) and F (x, v, t) – environment in which this
process proceeds, as with coefficient of absorption, scattering indi-
catrix, and as a source respectively. The function u0 is fixed. The
same equation cause the problem of radiation of charged particles,
as well as spread of γ-radiation. As shown in the [2], if you asked
all the characteristics of the environment Σ, J, F , and as “ incoming
flow”, ie
u(x, v, t) = µ(x, v, t), (x, v, t) ∈ γ− × [0, T ], (2.8)
and the initial state of the process, ie.
u(x, v, 0) = ϕ(x, v), (x, v) ∈ G¯× V, (2.9)
the state of u(x, v, t) can be defined unambiguously at any time t,
and there is derived estimate accuracy
‖u‖H∞(D) 6 C
(
‖F‖W t
∞
(D) + ‖ϕ‖h∞(G×V ) + ‖µ‖W t∞(Γ−)+
+M(V )‖σ‖L∞(G×V ) +M(V )‖u0‖H∞(D)
)
.
(2.10)
where M(V ) - action sets V. Consider the inverse problem for a
linear derivative of the transport equation using the sources. An
interesting case where the controls are allowed stationary, ie do not
change over time. Suppose that
F (x, v, t) = f(x, v) g(x, v, t) + h(x, v, t), (2.11)
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where f — desired, and g, h — priori defined functions. From a
physical point of view, the task of management is as follows: Can
you find such a function f(x, v) and the corresponding function
u(x, v, t), satisfying the conditions (2.7)–(2.9) so that at time t = T
distribution function was equal to ψ(x, v). In such a setting, this
task is the task of managing non-transfer using the source of F.
A generalized solution of class H∞(D)× L∞(G× V ) of the inverse
problem (2.7) will understand a pair of functions (u, f): u ∈ H∞(D)
and f ∈ L∞(G × V ), satisfying almost everywhere the conditions
(2.7)–(2.9),(2.5).
Theorem 1.(Unique solvability of the inverse problem for linear
modified transport equation in H∞(D)× L∞(G× V )).
Let
∑
,
∑
t ∈ L∞(D); J, Jt ∈ L∞
(
D,L2(V )
)
; u0 ∈
H∞(D), u0t ∈ L∞(D), g, gt ∈ L∞(D), |g(x, v, T )| ≥ g0 >
0; h, ht ∈ L∞(D); µ, µt ∈ L∞(Γ−); ϕ, (v,∇)ϕ, ψ, (v,∇)ψ ∈
L∞(G × V ), ϕ|γ−, ψ|γ− ∈ L∞(γ−); v
−1
0 diamG < a, and harmo-
nization of the conditions ϕ(x, v) = µ(x, v, 0) and ψ(x, v) =
µ(x, v, T ) for almost all (x, v) ∈ γ−. Then the management of
the problem has a unique solution {u, f} ∈ H∞(D) × L∞(G× V ).
As noted above, to facilitate the presentation will consider, instead
of around the point u0 neighborhood of zero. The method of proof
of this theorem is not fundamentally different from the evidence
Theorems on unique solvability of the inverse problem for a linear
transport equation N.P.Volkov [3].
3 The wording and proof of main result.
Since the operator
ˆ˜A : L∞(G× V ) −→ h∞(G× V ),
f 7→ ψ,
linear and bijective (because the solution is unique), the Banach
theorem ˆ˜A — isomorphism, ie
ˆ˜A−1 : h∞(G× V ) −→ L∞(G× V ),
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is continuous and, thus, ∀ψ ∃ ! solution f linear inverse problem,
the
‖f‖L∞(G×V ) 6 C¯‖ψ‖h∞(G×V ), (3.1)
for some C¯ > 0 (C¯ depends on
∑
, J, g, h, µ, G, V , as well as of the
norms of differential and integral operators, introduced in the proof
of the theorem).
Let µ(x, v, t) = 0, (x, v, t) ∈ γ− × [0, T ]; Let µ(x, v, t) =
0, (x, v, t) ∈ γ− × [0, T ]; ϕ(x, v) = 0, (x, v) ∈ G¯× V ; h(x, v, t) ≡ 0
on D.
Let Lu = ut + (v,∇) u −
∫
V
Ju dv′ = −
∑
u0 + F, H = {u ∈
H∞(D)|∃F ∈ W
t
∞(D): u — solution of the problem (2.7)–(2.9)}
with the norm ‖u‖H = ‖Lu‖W t
∞
(D). Then L : H → W
t
∞(D) —
isometric isomorphism of H on W t∞(D) [2] (2.10), H — fully and
continuously invested in the H∞(D). From there, it should be that
∃Cˆ > 0, ∀ t1 ∈ ]0, T ] , ∀u ∈ H : ‖u|t=t1‖L∞(G×V ) 6 Cˆ‖u‖H . Note
also that the theorem on the trace for H∞(D) the operator
Λu : H −→ L∞(G× V ),
u 7→ ut|t=t1,
(3.2)
continuous because of the continuity of imbedding H in H∞(D).
Let χ(x, v) = f(x, v) g(x, v, T ).
Everywhere in the future will be taken prior designations. Let
α : R→ R twice continuously differentiable on R, with

|α(u)| 6 C1|u| ,
|α′(u)| 6 C1 , α
′(0) = 0 ,
|α′′(u)| 6 C2 .
(3.3)
Then, Q(x, v, x′, v′, t) continuous on G¯× V¯ × G¯× V¯ × [0, T ].
Introduce the operator S: H∞(D)→ W
t
∞(D),
[S(u)](x, v, t) =
T∫
0
∫
G×V
Q(x, v, x′, v′, t)α
(
u(x′, v′, t′)
)
dx′dv′dt′.
Theorem 2.(Unique solvability of the inverse problem for the
nonlinear modified transport equation in H∞(D)× L∞(G× V )).
Let
∑
,
∑
t ∈ L∞(D), |
∑
(x, v, T )| ≥
∑
0 > 0, (x, v) ∈
G × V ;J, Jt ∈ L∞
(
D,L2(V )
)
; u0 ∈ H∞(D) u0t ∈ L∞(D),
6
g, gt ∈ L∞(D), |g(x, v, T )| ≥ g0 > 0; ψ, (v,∇)ψ ∈ L∞(G × V ),
ψ|γ− ∈ L∞(γ−); v
−1
0 diamG < a and condition ψ(x, v) = 0 when
(x, v) ∈ γ−. Then the problem
ut(x, v, t) + (v,∇)u(x, v, t) +
∑
(x, v, t)u0(x, v, t) + [S(u)](x, v, t) =∫
V
J(x, v′, t, v)u(x, v′, t)dv′ + F (x, v, t), where (x, v, t) ∈ D
(3.4)
u(x, v, t) = 0, (x, v, t) ∈ γ− × [0, T ], (3.5)
u(x, v, 0) = 0, (x, v) ∈ G¯× V (3.6)
u(x, v, T ) = ψ(x, v), (x, v) ∈ G¯× V (3.7)
F (x, v, t) = f(x, v) g(x, v, t), (3.8)
where f — desired, and g — apriori given function, has unique
solution (u, f) in the neighborhood of the point u0 in H∞(D) ×
L∞(G× V ) for sufficiently small in the norm ψ ∈ L∞(G× V ).
Remark. Proof of Theorem 2 is reduced to checking the feasi-
bility conditions of the theorem on the inverse functions.
Recall the theorem of inverse function functions.
Theorem 3. Let X, Y — Banach spaces, U — open set in X, a
mapping f : U → Y is strictly differentiable for U and f ′(x0) : X →
Y — isomorphismX on Y for some point x0 ∈ U . Then there exists
a neighborhood U ′ a x0, that f carrying out a homeomorphism
U ′ on the open a lot of f(U ′), f ′(x) — isomorphism X on Y at
x ∈ U ′, f−1 : f(U ′) → X is strictly differentiable at f(U ′) and
(f−1)′
(
f(x)
)
= [f ′(x)]−1 for x ∈ U ′ (ie f — diffeomorphism U ′ at
f(U ′) of class C1).
Proof.
According to a theorem about the inverse function of 3 there
exist open neighborhood U1 of H and V1 of W
t
∞(D) points of u0
and ξ(u0), respectively, the operator ξ : u 7→ Lu + S(u) is im-
plementing diffeomorphism U1 on V1 of class C
1. In doing so, the
operator η = ξ−1 : V1 → U1 is strictly differentiate on V1 as a
mapping on H, and hence in H∞(D) and η
′(F ) =
[
ξ′
(
η(F )
)]−1
at
F ∈ V1. In this case, by virtue of linearity and continuity operator
7
χ(x, v) 7→ χ(x, v)g(x, v, t)/g(x, v, T ) of L∞(G×V ) inW
t
∞(D) it fol-
lows that the operator P : L∞(G×V )→ H∞(D), χ(x, v) 7→ P (χ) =
η (χ(x, v)g(x, v, t)/g(x, v, T )) is strictly for Frechet differentiate in
neighborhood of V2 ⊂ L∞(G × V ) the point P (u0), and then the
operators
O1 : V2 → L∞(G× V ),
χ 7→
(
P (χ)
)
t
∣∣∣
t=T
, (3.9)
O2 : V2 → L∞(G× V ),
χ 7→ (v,∇)
(
P (χ)
)∣∣∣
t=T
, (3.10)
O3 : V2 → L∞(G× V ),
χ 7→
∫
V
JP (χ) dv′
∣∣∣
t=T
, (3.11)
O4 : V2 → L∞(G× V ),
χ 7→ S
(
P (χ)
)∣∣∣
t=T
, (3.12)
also strongly differentiable on V2. Next, we will seek a solution
nonlinear problem (3.4)–(3.7) in the form of u = P (χ), where
u — solution of nonlinear problem (3.4)–(3.7) on the right part
of F (x, v, t) = χ(x, v)g(x, v, t)/g(x, v, T ). Introduce the operator
M(χ) =
{
χ−
(
P (χ)
)
t
∣∣∣
t=T
− (v,∇)
(
P (χ)
)∣∣∣
t=T
− S
(
P (χ)
)∣∣∣
t=T
+
+
(∫
V
JP (χ) dv′
)∣∣∣
t=T
}
×

 (P (χ)
)∣∣∣
t=T∑
(x, v, T )u0

 , (3.13)
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M ′(u0)χ =
{
χ−
(
P ′(u0)χ
)
t
∣∣∣
t=T
− (v,∇)
(
P ′(u0)χ
)∣∣∣
t=T
+
+
(∫
V
J
(
P ′(u0)χ
)
dv′
)∣∣∣
t=T
}
×

 (P (χ)
)∣∣∣
t=T∑
(x, v, T )u0

+
+
{
χ−
(
P (χ)
)
t
∣∣∣
t=T
− (v,∇)
(
P (χ)
)∣∣∣
t=T
− S
(
P (χ)
)∣∣∣
t=T
+
+
(∫
V
JP (χ) dv′
)∣∣∣
t=T
}
×


(
P ′(u0)χ
)∣∣∣
t=T∑
(x, v, T )u0

 , (3.14)
where P ′(u0)χ = η
′(u0) (χ(x, v)g(x, v, t)/g(x, v, T )), ie direct so-
lution of linear problems with the right part of F (x, v, t) =
χ(x, v)g(x, v, t)/g(x, v, T ) (solution exists, as shown in [2], and
the operator η′(u0) is continuous, because is estimation accu-
racy). Substituting in (3.4) u|t=T of (3.7) and F (x, v, t) =
χ(x, v)g(x, v, t)/g(x, v, T ), we arrive to the equation
M(χ) = ψ(x, v), (3.15)
which by virtue of the continuity of M ′(u0), as well as the existence
and boundedness of [M ′(u0)]
−1 (from the solvability linear inverse
problem) can be applied theorem, 3 . According to the theorem 3
there exist an open neighborhood U∗ in L∞(G×V ) and V∗ in h∞(G×
V ) of points of u0 and M(u0), respectively, that M : χ → ψ is
implementing diffeomorphism U∗ on V∗ class C
1. Therefore, ∀ψ ∈
V∗ ∃! χ ∈ U∗ :M(χ) = ψ. The theorem is proved.
A proof of the local unique solvability in H∞(D)×L∞(G×
V ) inverse problem with final overdetermination for the
modified nonlinear equations transport in the case where
F (x, v, t) = f(x, v) g(x, v, t) and management is f(x, v).
The results are partially reflected in the form of short messages
in [4] and in the article [5].
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4 Production of the inverse problem for the modified non-
linear transport equation in the case where
∑
(x, v, t) =
σ(x, v) g(x, v, t) and management is σ(x, v) in H∞(D) ×
L∞(G× V ).
We prove local unique solvability in H∞(D) × L∞(G × V ) inverse
problem with final overdetermination for the modified nonlinear
equations transport in the case where Σ(x, v, t) = σ(x, v) g(x, v, t)
and management is σ(x, v). In this paper the local unique solvabil-
ity inverse problem with final overdetermination modified equation
for nonlinear transport. These tasks can be viewed as the problem
of controllability, which management is, for example, the multiplier
on the right side, or in any other factors, depending only on spatial
variables in the case of the final overdetermination and indepen-
dent only occasionally in the case of integral overdetermination.
We consider the direct and inverse problems for integro-differential
equation, a modified equation:
u t(x, v, t) + (v,▽)u(x, v, t) + Σ(x, v, t) u 0(x, v, t) =
=
∫
V
J (x, v, t, v′) u(x, v′, t) dv′ + F (x, v, t)
(in the usual transport equation, instead of u 0 is u [3]). This equa-
tion more convenient for the study of some of its non-linear pertur-
bations. Absorption coefficient is presented in the form
Σ (x, v, t) = σ (x, v) g (x, v, t) + h (x, v, t),
Multiplier σ(x, v) plays the role of government. Inverse problem
is a pair of (u, σ) ∈ H∞(D) × L∞(G × V ) (actually, only σ), and
the meaning of the problem lies in the translation through σ of
the system initial state ϕ(x, v) in the final state ψ(x, v). In order to
avoid further accumulation will consider, instead of around the point
u0 neighborhood of zero. Namely, subtracting from the equation
u t(x, v, t) + (v,▽)u(x, v, t) + Σ(x, v, t) u0(x, v, t) =
=
∫
V
J (x, v, t, v′) u(x, v′, t) dv′ + F (x, v, t),
10
equation
u˜ t(x, v, t) + (v,▽)u˜(x, v, t) + Σ˜(x, v, t) u0(x, v, t) =
=
∫
V
J (x, v, t, v′) u˜(x, v′, t) dv′ + F (x, v, t),
get
uˆ t(x, v, t) + (v,▽)uˆ(x, v, t) + Σˆ(x, v, t) u0(x, v, t) =
=
∫
V
J (x, v, t, v′) uˆ(x, v′, t) dv′.
5 The wording and proof of main result.
Everywhere in the future will be taken prior designations. Let α :
R→ R twice continuously differentiable on R, with

|α(u)| 6 C1|u| ,
|α′(u)| 6 C1 , α
′(0) = 0 ,
|α′′(u)| 6 C2 .
(5.1)
Then, Q(x, v, x′, v′, t) continuous on G¯ × V¯ × G¯ × V¯ × [0, T ]. In-
troduce the operator S: H∞(D) → W
t
∞(D), [S(u)](x, v, t) =
T∫
0
∫
G×V
Q(x, v, x′, v′, t)α
(
u(x′, v′, t′)
)
dx′dv′dt′.
Theorem 4.(Unique solvability of the inverse problem for the
nonlinear modified transport equation in H∞(D)× L∞(G× V )).
Let F, Ft ∈ L∞(D), |
∑
(x, v, T )| ≥
∑
0 > 0, (x, v) ∈ G ×
V ;J, Jt ∈ L∞
(
D,L2(V )
)
; u0 ∈ H∞(D) u0t ∈ L∞(D), g, gt ∈
L∞
(
G× V, L2(0, T )
)
, |g(x, v, T )| ≥ g0 > 0; ψ, (v,∇)ψ ∈ L∞(G×V ),
ψ|γ− ∈ L∞(γ−); v
−1
0 diamG < b and condition ψ(x, v) = 0 when
(x, v) ∈ γ−. Then the problem
ut(x, v, t) + (v,∇)u(x, v, t) +
∑
(x, v, t)u0(x, v, t) + [S(u)](x, v, t) =∫
V
J(x, v′, t, v)u(x, v′, t)dv′, where (x, v, t) ∈ D
(5.2)
u(x, v, t) = 0, (x, v, t) ∈ γ− × [0, T ], (5.3)
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u(x, v, 0) = 0, (x, v) ∈ G¯× V (5.4)
u(x, v, T ) = ψ(x, v), (x, v) ∈ G¯× V (5.5)
Σ(x, v, t) = σ(x, v) g(x, v, t), (5.6)
where σ — desired, and g — apriori given function, has unique
solution (u, σ) in a neighborhood of zero in H2(D)×L∞(G×V ) for
sufficiently small in the norm ψ ∈ L∞(G× V ).
Remark. Proof of Theorem 4 boils down to checking the feasi-
bility conditions of the theorem on the inverse functions.
Proof.
According to a theorem about the inverse function of 3 there ex-
ist open zero neighborhood U1 of H and V1 of W
t
∞(D) respectively,
the operator ξ : u 7→ Lu+ S(u) is implementing diffeomorphism U1
on V1 of class C
1. In doing so, the operator η = ξ−1 : V1 → U1 is
strictly differentiate on V1 as a mapping on H, and hence in H∞(D)
and η′(Σ) =
[
ξ′
(
η(Σ)
)]−1
at Σ ∈ V1. In this case, by virtue of linear-
ity and continuity operator χ(x, v) 7→ χ(x, v)g(x, v, t)/g(x, v, T ) of
L∞(G×V ) inW
t
∞(D) it follows that the operator P : L∞(G×V )→
H∞(D), χ(x, v) 7→ P (χ) = η (χ(x, v)g(x, v, t)/g(x, v, T )) is strictly
for Frechet differentiate in around zero V2 ⊂ L∞(G× V ) the point
P (0), and then the operators
O1 : V2 → L∞(G× V ),
χ 7→
(
P (χ)
)
t
∣∣∣
t=T
, (5.7)
O2 : V2 → L∞(G× V ),
χ 7→ (v,∇)
(
P (χ)
)∣∣∣
t=T
, (5.8)
O3 : V2 → L∞(G× V ),
χ 7→
∫
V
JP (χ) dv′
∣∣∣
t=T
, (5.9)
O4 : V2 → L∞(G× V ),
χ 7→ S
(
P (χ)
)∣∣∣
t=T
, (5.10)
also strongly differentiable on V2. Next, we will seek a solution non-
linear problem (5.2)–(5.5) in the form of u = P (χ), where u —
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solution of nonlinear problem (5.2)–(5.5) with a coefficient of ab-
sorption (weakening) Σ(x, v, t) = χ(x, v)g(x, v, t)/g(x, v, T ). Intro-
duce the operator
M(χ) =
{
−
(
P (χ)
)
t
∣∣∣
t=T
− (v,∇)
(
P (χ)
)∣∣∣
t=T
− S
(
P (χ)
)∣∣∣
t=T
+
+
(∫
V
JP (χ) dv′
)∣∣∣
t=T
}
×

 (P (χ)
)∣∣∣
t=T
χ0(1 +
δ(χ)
χ0
+ ...)u0

 , (5.11)
M ′(0)χ =
{
−
(
P ′(0)χ
)
t
∣∣∣
t=T
− (v,∇)
(
P ′(0)χ
)∣∣∣
t=T
+
+
(∫
V
J
(
P ′(0)χ
)
dv′
)∣∣∣
t=T
}
×

 (P (χ)
)∣∣∣
t=T
χ0(1 +
δ(χ)
χ0
+ ...)u0

+
+
{
−
(
P (χ)
)
t
∣∣∣
t=T
− (v,∇)
(
P (χ)
)∣∣∣
t=T
− S
(
P (χ)
)∣∣∣
t=T
+
+
(∫
V
JP (χ) dv′
)∣∣∣
t=T
}
×


(
P ′(0)χ
)∣∣∣
t=T
χ0(1 +
δ(χ)
χ0
+ ...)u0

+
+
{
−
(
P (χ)
)
t
∣∣∣
t=T
− (v,∇)
(
P (χ)
)∣∣∣
t=T
− S
(
P (χ)
)∣∣∣
t=T
+
+
(∫
V
JP (χ) dv′
)∣∣∣
t=T
}
×

− (P (χ)
)∣∣∣
t=T
(χ0(1 +
δ(χ)
χ0
+ ...))2u0
δ(χ)
χ0

 ,
(5.12)
where P ′(0)χ = η′(0) (χ(x, v)g(x, v, t)/g(x, v, T )), ie di-
rect solution of linear problems with a right-hand side
Σ(x, v, t) = χ(x, v)g(x, v, t)/g(x, v, T ) (solution exists, as
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shown in [2]). Substituting in (5.2) u|t=T of (5.5) and
Σ(x, v, t) = χ(x, v)g(x, v, t)/g(x, v, T ), we arrive to the equa-
tion
M(χ) = ψ(x, v), (5.13)
which by virtue of the continuity of M ′(0), as well as the existence
and boundedness of [M ′(0)]−1, can be applied theorem, 3 . According
to the theorem 3 there exist an open neighborhood of zero U∗ in
L∞(G × V ) and V∗ in h∞(G × V ) respectively, that M : χ → ψ is
implementing diffeomorphism U∗ on V∗ class C
1. Therefore, ∀ψ ∈
V∗ ∃! χ ∈ U∗ :M(χ) = ψ. The theorem is proved.
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